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■^ ■ Abstract 

o 

CO ' Wc study quantum integrable models with GL{3) trigonometric i?-matrix solvable by 

the nested algebraic Bethe ansatz. Using presentation of the universal Bethe vectors in 
terms of projections of the product of the currents of quantum affine algebra Uq{Ql^) onto 
intersections of different type Borel subalgebras, we prove that the set of the nested Bethe 
vectors is closed under action of the matrix elements of monodromy. 



1 Introduction 

We consider a quantum integrable model defined by the monodromy matrix T{u) with matrix 
elements Tij{u), i,j = 1,2,3 which satisfies the commutation relation 

R(n, v) ■ {T{u) O 1) • (1 O T{v)) = {1 ^ T{v)) ■ {T{u) ^ 1) • R(n, v), (1.1) 
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with GL{3) trigonometric quantum i?-matrix 

R{u,v) = f{u,v) ^ Ejj (g) Ejj + ^ {Eii^Ejj + Ejj0Eii) 

l<i<3 l<i<i<3 

+ ^ {ugiu, v)Eij Eji + vg{u, v)Eji Eij) . 
i<«<i<3 

Here the rational functions f{u, v) and g{u, v) are 

qu-q-^v {q-q~'^) ,-. „^ 

'i{u,v) = , g{u,v) = . (1.3) 

u — V u — V 

and {Eij)ik = Sudjk, i,j,l,k = 1,2,3 are 3x3 matrices with unit in the intersection of ith row and 
jth column and zero matrix elements elsewhere. The i?-matrix ()1.2p is called "trigonometric" 
because its classical limit gives the classical trigonometric r-matrix [1]. The trigonometric R- 
matrix ()1.2p is written in multiplicative variables and depends actually on the ratio u/v of these 
multiplicative parameters. 

Due to the commutation relation ()1.1|) the transfer matrix t{u) = tr T{u) = Tii{u)+T22{u) + 
T33 (u) generates a set of commuting integrals of motion and the first step of the algebraic Bethe 
ansatz ^ is the construction of the set of eigenstates for these commuting operators in terms of 
the monodromy matrix entries. We assume that these matrix elements act in a quantum space 
V and this space possesses a vector |0) G ^ such that 

T,j(n)|0) =0, i> j, Tiiiu)\0) = Xiiu)\0) , A,(n) G C[[u,u-^]] . (1.4) 

The eigenstates M°''^[u;v) of the transfer matrix t{u) in quantum integrable models with 
GL{3) trigonometric i?-matrix depend on two sets of the variables 

u = {ui,...,Ua}, V = {vi,...,Vb} , (1.5) 

which are called the Bethe parameters. These eigenstates can be constructed in the framework 
of the nested Bethe ansatz method formulated in ^ and are given by certain polynomials in 
monodromy matrix elements Ti2(n), T23(n), Ti3(n) with rational coefficients depending on the 
Bethe parameters. 

In pioneer papers on nested Bethe ansatz [3l U [5] no explicit formulas for the Bethe vectors 
were obtained. The method in its original formulation allows one to get Bethe equations as 
conditions that Bethe vectors are eigenstates of the transfer matrix. Nevertheless, even when 
Bethe parameters are free and do not satisfy any restrictions, the structure of the Bethe vector 
(sometimes such Bethe vectors are called off-shell) is rather complicated. More explicit formulas 
for the off-shell nested Bethe vectors were obtained in [6] in the theory of solutions of the 
quantum Knizhnik-Zamolodchikov equation. The Bethe vectors were given by certain trace over 
auxiliary spaces of the products of the monodromy matrices and i?-matrices. This presentation 
allows one to investigate the structure of the nested off-shell Bethe vectors and to obtain the 
explicit formulas for the nested Bethe vectors when the space V becomes the tensor product 
of the evaluation representations of the Yangian and of the positive Borel subalgebra of the 
quantum affine algebra Ug^Ql^) (7j. 



Explicit expressions for the off-shell nested Bethe vectors in the GL{N) quantum integrable 
models in terms of the monodromy matrix elements were obtained in the papers [8l[9l[T0], where 
the realization of these vectors in terms of the current generators of the quantum affine algebra 
^q^Q^N) [n] were used. This realization uses the notion of projections onto intersection of the 
different type Borel subalgebras in the quantum affine algebras introduced firstly in [T2j and an 
isomorphism between current |13j and L-operator formulation of the quantum affine algebras 
[14j investigated in |15| . 

Quite analogously one can construct dual off-shell Bethe vectors C"' (tZ;u) defined in the 
dual space V* with the dual vacuum vector (0| G V*: 

(0|r,,-(u) = 0, i<3, (0|T,,(n) = Ai(n)(0|, (1.6) 

which can be also explicitly written as polynomials in the monodromy matrix elements T2i(n), 
T32(ti), T^i{u) with rational coefficients using current realization of the quantum affine algebra 

For the class of nested quantum integrable models where the inverse scattering problem can 
be solved and local operators can be expressed in terms of the monodromy matrix elements 
|17j . one can now address the problem of calculation of the form factors and the correlation 
functions of local operators. It was done in [TH] for the quantum integrable models with GL{2) 
trigonometric i?-matrix, using determinant formulas for the scalar products of the Bethe vectors 
obtained in fl9\ . 

To approach this problem one has to answer the following question. Whether the action of 
the monodromy matrix elements onto nested off-shell Bethe vectors produces linear combina- 
tions of vectors with the same structure. If this is true, then the problem of computing the form 
factors of local operators can be reduced to the calculation of the scalar product between off- 
shell and on-shelU Bethe vectors. Moreover, since right and left Bethe vectors are presented as 
linear combinations of products of monodromy matrix elements, the calculation of these scalar 
products itself can be also reduced to the application of the action formulas of the monodromy 
matrix elements onto Bethe vectors. 

The goal of this paper is to give a positive answer to this question and to present and prove 
the explicit formulas for such an action. We should say that in case of quantum integrable 
models with GL{2) i?-matrix, the question about action formulas is almost trivial, since the 
right and left off-shell Bethe vectors in this case are given by the product of the monodromy 
matrix elements Ti2{u) and T2i{u) respectively. These action formulas can be easily extracted 
from the RTT relation (jl.ip for the monodromy operators. In higher-rank systems, due to the 
nontrivial structure of nested Bethe vectors, application of the RTT relations for the calculation 
of the action formulas becomes a very complicated combinatorial problem. To solve it we will 
use the presentation of nested off-shell Bethe vectors in terms of the current generators of the 
quantum affine algebra Uq{QV^) (j2.7p and the relation between monodromy matrix elements and 
the current generators given by the Gauss decomposition ([37 



^ These are the Bethe vectors with parameters satisfying the Bethe equations. 



2 Main results 

2.1 Notations 

To save space and simplify the presentation of formulas, we use following convention for the 
products of the commuting entries of the monodromy matrix Tij{w), vacuum eigenvalues Xi{w) 
and their ratios fkiw) = Xk{w)/X2{w), k = 1,3. Namely, whenever such an operator or scalar 
function depends on a set of variables (for instance, Tij{w), \i{u), ffcC^)); this means that we 
deal with the product of the operators or scalar functions with respect to the corresponding set: 

Tij{w) = Yl T,j{wk); X2{u) = n Huj); r^ive) = JJ rk{vj). (2.1) 

Ulfegj-U) UjSU '"j^^ 

Similar convention will be used for the products of functions f (u, v) and g(n, v) 

f{wi,tVi)= Y[ f(w^i,u^j); g(^,^)= Jl ns(%'^fc), (2.2) 

The notation v^ for arbitrary set v means the set v \ {f^}. We will also use the sets w<^j = 
{wi, ...^Wj-i} and w-^j = Wj \ w<^j with obvious convention for the products. Partitions of sets 
will be noted as « =^ {ui , u^}. 

To simplify further formulas we will introduce a special notation for product of non-com- 
muting currents. Postponing the exact definition to section [3] (see definition (jS.Sp and commu- 
tation relations ()3.9p - ()3.17p ). we will use the notation: 

Fl{u) = Fi{Ua)Fi{Ua-l) ■ ■ ■ Fi(ni), J^2{v) = F2{Vb) ■ ■ ■ F2{V2)F2{VI) (2.3) 

and 

^i{uj) = Fi{ua) ■ ■ ■ Fi{uj+i)Fi{uj^i) ■ ■ ■ Fi(ni), 
Mvi) = F2{vb) ■ ■ ■ F2{vi+i)F2{v^^i) ■ ■ ■ F2{vi) . 

These notations are in accordance with the one used for commuting objects, except that now 
one needs to specify the order as prescribed in ()2.3p and ()2.4p . 

In various formulas below the Izergin determinant V\k{^\y) appears [20]. It is defined for two 
sets X and y of the same cardinality ^x = #y = ^• 



K {x\-) = ni<»j<fc(g^i - g ^Vj) _ ^^^ 



(2.5) 



Xxi-yj){qxi -q ^yj] 
Below we also use two modifications of the Izergin determinant 

k k 

\<i\^\y) = n^^ • ^^fc(^ly) ' ^t\^\y) = ]ly^ ^kim . (2.6) 

Some properties of the Izergin determinant and its modifications are gathered into Appendix 1X1 



2.2 Explicit expression for Bet he vectors 

The right and left off-shell Bethe vectors can be presented using current realization of the 
quantum affine algebra Uq^Ql^) given in Section [3] 

^a,b^-. -) ^ (Ml^p^ (^F2{vb) ■ ■ ■ F^ivi) ■ Fr{ua) ■ ■ ■ Fi(ni)) • r^{v) |0) , (2.7) 



where 



C^'^u^v) = '-}^ (Oj r^{v)Pt{Ei{ui)---Ei{ua)-E2{v{)---E2{vb)) 
f(w,u) 

l<i<i'<a l<l<l'<b 



and P^ and P^ are projection onto subalgebras of Uq{Q{^) generated by the non-negative and 
positive modes of the simple root currents Fi{u) and Ei{u), i = 1,2, respectively. These opera- 
tors of projection onto subalgebras in the positive Borel subalgebra of Ug{gi^) were introduced 
in [12] and their detailed theory was developed in [11]. The formal definition of these projections 
is given in the present paper by the formulas ()3.24p and ()3.25p . 

Note that the function /3(u\v) removes all poles and zeros which originate from the product 
of the same type currents, while the product of the functions f{v, u) removes all poles which 
originate from the product of the different type currents. The product Fi[u2)Fi{ui) has simple 
pole at the point ui = q^U2 and simple zero at ui = U2 and the product F2{v)Fi{u) has simple 
pole at the point u = v. These 'analytical' properties of the product of the currents are defined 
by the commutation relations (j3.13p . (|3.14p and were explained in details in the papers [SI E] 
using the notion of the ordering of the current generators. 

2.3 Multiple action of Tij{w) operators on Bethe vectors 

Now we give a list of multiple actions of the operators Tij{w) onto Bethe vector M"''^{u;v). 
Below everywhere {v, w} = (,, {u, w} = fj and #w = n. 

• Multiple action of T13 

n3{w)B-'''{u;v) = A2(«))B'^+"'^+"(r?;0. (2.9) 

• Multiple action of T12 

T,2iw)M'''\u;v) = X2{w)Y,Tr4l^nHn'\^^)^''^''\v-,^.)- (2-10) 

"^ f(u;,Ci) 

The sum is taken over partitions of ^ =^ {Cij Cn} with #^i = n. 

• Multiple action of T23 

T23iw)M''^\u;v) = X2{w)Y,J7^^^\v^w)M''''^^ifu-,0- (2.11) 

The sum is taken over partitions of f/ => {^i) %} with #f/i = n. 



• 



Multiple action of T22 

T22{w)W^\u-v) = \2{w)Y,^-^^M^^^ (2.12) 

The sum is taken over partitions of: f/ =^ {??i, %} with ^fii = n; 

e^{ei,Cn}with#ei = n. 

Multiple action of Tu 

(2.13) 
The sum is taken over partitions of: rj =^ {??i,??n} with ^rji = n; 

e^{6,en}with#ei = ?i. 

• Multiple action of T33 

n,{y:)M-\u;v) = X^iw) J] ^f^ ^|^^^§^K«(ry:|^) K«(6|r?0lB-^(,7,;en). 

(2.14) 
The sum is taken over partitions of: rj =^ {771,%} with ^771 = n; 

e^{6,en}with#ei = ?i. 

• Multiple action of T21 

T-Mv-.w\r..,) = xm Y. rife,) "^'•;;W%.;>-)ny)nl..j.) 

^'^ f(^,r/i)f(u;,gi)f (%,!«) 

X KW(f?n|«)) K(r)(g- 1^,) K(:)(^|g-) B--'^(f^,;e"n). (2.15) 

The sum is taken over partitions of: f/ =^ {7^1,%, f/ni} with ^^f/i = ^^f/n = ?i; 

e^te,e"n}with#ei = ?^. 

• Multiple action of T32 

X K^Hmlw) K«(6|f?:) KW(«)|en) B-'^-"(f?n;en). (2.16) 

The sum is taken over partitions of: g => {Ci;Cn;Cni} with ^^gj = ^^gn = t^; 

7/ =^ {?7i,?7n} with #?7i = n. 

Multiple action of T31 

T,,{w)M'^''{u;v) = X2{w)Y,^iim) rsfe) Ki')(^":|7?:) KW(en|77n) Ki')(f?:|7D) KM(u;|en) 

^ f (^i. %)_f(??i, ??m)f(??in, %)f (6, ^n)fte, Cin)f_(^in, gn) j^g-n^fe-n . . i: . ^^ 17) 
f(6, ^)f (^m, r?n)f (Cn, 7yn)f (7?i, W))f (w), Cn) 



• 



Note that the product of the rational functions f (^i, r})f{^j^, ??n)f(Cn) %) in the denominator 
of the r.h.s. of (|2.17p can be equahy rewritten as f(C,?/n)f(Ci)^i)f('^i)'^ni)- 

The sum is taken over partitions of: S, => {Ci;Cn;Cni} with #^i = #^n = n; 

r) =^ {?7j, ?7n, ??ni} with #f/i = #% = n. 

Proof of the formulas (|2.9|) - (j'2.17|) will be divided into two steps. First, we will prove these 
formulas using the current approach and presentation of the off-shell Bethe vectors in the form 
()2.7p in case of the action of one monodromy element, that is ^w = n = 1. Then we will use 
the induction to prove these formulas for n > 1. 

In this paper we will use the current techniques to prove the action formulas. For that we will 
use a special presentation of the projection of the product of the full currents in ()2.7p found in 
the paper [21j , the expression of the monodromy elements in term of the Gauss coordinates given 
by the formulas (|3.4p . the commutation relations of the Gauss coordinates with the currents 
and several properties of the projections. 

3 Quantum affine algebra Uq{Qi^) 

3.1 Two realizations of Ug{gl^) 

Quantum afhne algebra Uq{Ql^) is an associative algebra with unit. In the L-operator formula- 
tion [13] it is generated by the modes Lj^An], i,j = 1,2,3, n > such that 

L+JO] =Lr. [0]=0, l<i<j<3. (3.1) 

These modes can be gathered into generation serieqj 

3 

L±(n) = ^Y1 ^'3 ® A^N^^" € End(C3) ® C/q(b±) , (3.2) 

n>0 i,j=l 

where Uq{b±) C Uqi^Ql^^ are the positive and negative Borel subalgebras of the quantum afhne 
algebra C/g(0[3). These generating series can be called universal monodromy matrices since they 
satisfy the same as (jl.ip commutation relation 

R(u, v) ■ (L^'iu) (^ 1) • (1 (^ V{v)) = (10 V{v)) ■ {U\u) ® 1) • R(n, v), (3.3) 

where [i^v = ^. 

Quantum afhne algebra Uqi^^X^^) is a Hopf algebra and the Borel subalgebras generated by 
the modes of the L-operators i (u) are the Hopf subalgebras with the standard coproduct 



^KI(^) =E^£(^)®^.^^(^ 



k=\ 



^There is also one relation for the zero modes of the diagonal matrix elements of L-operators i^,[0]I/.JO] = 1, 
j = 1, 2, 3, which is not important for our considerations. 



In what follows we will need another realization of the same algebra, so-called current 
realization of quantum affine algebra Ug^Ql^) given in [13]. To relate current and L-operator 
realizations of the same algebra we introduce according to [15] the Gauss decomposition of the 
L-operator (j3.2p 



1 F±(n) Fi,iu) 
L^{u) = I 1 F± (n) I I kf{u) I I Ef2(n) 1 | , (3.4) 

1 



kfiu) 





\ 


( 1 








k^{u) 


° 


E±(n) 


1 








kt{u) 1 


V EfsM 


Ef3(^) 1 



or 



^abH = F^aW^6^(^)+ E F±,(n)fc+(t)E±^(«), a<6, (3.5) 



6<m<3 



L±(«) = fe±(n) + Y. ^ibi^)^t{n)^Li^). (3.6) 



fe<m<3 

Libi'<^) = kt{u)FUu)+ Y. F±,(n)/c±(n)E±^(n), a>b. (3.7) 

a<7?i<3 

It was proved in the paper [15] that after substitution of the decompositions (|3.5p - (|3.7p 
into the commutation relations ()3.3p one can obtain for the linear combinations of the Gauss 
coordinates 

Fi{t) = F+ ,,(i) - F-+i,(i) , E,{t) = ^ti+iit) - E-,+i(i) (3.8) 

and k^ [t] the following commutation relations: 

{q-^z - qw)Ei{z)Ei{w) = Ei{w)Ei{z){qz - q-^w) , (3.9) 

{z - w)E,{z)E,+i{w) = E,+i{w)E,{z){q-^z - qw) , (3.10) 

kt{z)E,{w) {kf{z))-' = ^^^^E,{w) , (3.11) 

kt^A^H {ktA^)r' = JSq^ E^H ' (3-12) 

k^{z)Ej{w) (k^iz))-' = E,{w), if i^j,j + l, 

{qz - q^^w)Fi{z)Fi{w) = Fi{w)Fi{z){q-^ z - qw) , (3.13) 

{q-^z - qw)Fi{z)Fi+i{w) = F,+i{w)Fi{z){z - w) , (3.14) 

k^{z)F,{w) {kf{z))-' = 'Lh^F,{w) , (3.15) 



kf^,{z)F,{w) {kt,,{z)y' = ^£-^-^F,(t.) , (3.16) 

kt{z)Fj{w){ktiz))-' = Fj{w), if i^jj + l, 
[E,{z),Fj{w)] = 5,, 5{z/w) {q - q~^) [kf {z) / kt^,{z) - k^{w)/kr^,{w)) , (3.17) 



and the Serre relations for the currents Ei{z) and Fi{z) which are unimportant for this paper. 

Commutation relations for the algebra Uq{Ql'j) given in terms of the currents should be 
considered as formal series identities describing the infinite set of the relations between modes 
of these currents. The symbol 5{z) entering these relations is a formal series X^^g^ -z""- 

For any series G{t) = Y.ni& G[m]t-"' we denote G(t)(+) = Y.m>o G[m] t~'"' , and G(t)(-) = 
— ^,;„<Q G[ir}] t"™ . Using this notation the Ding-Frenkel formulas (|3.8p can be inverted 

^U,{z) = z {z~'Fdz))^^^ , Ef,^,{z) = i?.(.)W . (3.18) 

3.2 Different type Borel subalgebras and ordering of current generators 

The isomorphism between L-operator [2] and current [13] formulation of the quantum afhne 
algebra proved in |15] allows to express the modes of the L-operators through the modes of the 
currents and vice versa using the initial relation ()3.ip and formulas ()3.5p ~ ()3.7p . On the other 
hand, it was proved in |22j that the current generators for the quantum afhne algebras form the 
part of the Cartan-Weyl basis in these algebras. 

There exists a natural ordering in the Cartan-Weyl basis. If the generator e^ corresponds 
to a positive root 7 = a + /3, where a and /3 are roots, then these generators are ordered either 
in a way e^ -< e^ -< 6^3 or in the way e/3 ^ e-y ^ e^- An important property of the Cartan-Weyl 
basis of a Borel subalgebra of quantum algebras is that the g-commutator of any two generators 
from this subalgebra, say e^ and e^, is a linear combination of monomials containing only the 
products of generator e^^ which are 'between' e^ and e^: 

Ca -< e^; ~< ep or e^ )~ e^^ y ep . (3.19) 

This property of the Cartan-Weyl basis allows one to describe easily the subalgebras in the 
quantum affine algebras. For instance, in the example above all generators corresponding to 
the roots a,7j,/3 form a subalgebra by definition. The standard positive Borel subalgebra in 
Uq{Q[^) generated by the modes of L-operators ()3.2p is formed by the Cartan-Weyl generators 
which are 'between' the affine root generator ta^ and non-affine negative simple roots generators 
e-a^ and e-a^ . Respectively, negative Borel subalgebra is formed by the generators which are 
'between' e^^ , Cqj and e_ao ■ 

The ordering on the Borel subalgebra can be extended to the ordering of the whole set of 
Cartan-Weyl generators corresponding to the positive and negative roots such that the same 
ordering property is valid. This ordering is called 'circular' or 'convex' and it allows one to 
order arbitrary monomials in the whole algebra |llj . 

We consider two types of Borel subalgebras of the algebra Uq{Q[^). Standard positive and 
negative Borel subalgebras Uq{b^) C Uq{Qi'^) are generated by the modes of the L-operators 
L^^'{u) respectively. For the generators in these subalgebras we can use the modes of the Gauss 
coordinates ^M'^J^ Ef.+^(n), ^f+niu), kf{u), i = 1,2, j = 1,2,3. 

Another types of Borel subalgebras are related to the current realizations of Uq{Ql-^) given 
in the previous subsection. The Borel subalgebra Up C Uq{Ql^) is generated by modes of the 
currents Lj[n], k^[m], z = 1, 2, j = 1, 2, 3, n G Z and ?7i > 0. The Borel subalgebra Ue C Uq{gl^) 



is generated by the modes of the currents -Ei[n], k- 



-m , I 



1, 2, j = 1, 2, 3, n € Z and tti > 0. 



We will consider also a subalgebras Up = Up \ {^^[0]} and U'^ = Ue \ {kj 



Further, we will be interested in the intersections, 



Up=u'FnUg{b-), u+ = UFnUg{b^ 
UF=UEriUg{b~), u+ = u'EnUg{b' 



(3.20) 



and will describe properties of projections to these intersections. We call Up and Up the current 
Borel subalgebras . Let Uf C Up and Ue C Up be subalgebras of the current Borel subalgebras 
generated by the modes of the currents Fi[n] and Ei[n], i = 1,2, n € Z only. In what follows 
we will use the subalgebras Uf C Uf and C/+ C Ue defined by the intersections 



U 



f 



u+ n Uf u+ = u+nUe 



(3.21) 



Let Uf^ be subalgebras in Uq{gl^) generated by the modes of the Cartan currents k- (u). 
We fix a 'circular' ordering '^' on the generators of Ug^Ql^) (see [H]), such that: 

••• -< U^ -< UJ < U+ -< U+ -< C/+ -< Ue -< t/,7 -< ■■■ . (3.22) 

Ordering of the subalgebras described above can be pictured in the Figure [1] in the anti- 
clockwise direction. 



Ug{b-) 



ui 



U: 




Uf^U 



U,{b+) 



u+ 




Ue 



Ue 



^1 



C/ 



(Ue 



Figure 1: Subalgebras of [/^(glg). Vertical dotted line separates standard Borel subalgebras. Horizontal dotted 
line separates current Borel subalgebras. Horizontal solid axis shows increasing of the modes of the current 
generators. Ovals denote different subalgebras in the standard and current Borel subalgebras of (/^(gtg). 

We will call an element W € Uq{Ql^) normal ordered and denote it as :W: if it is presented 
as linear combinations of products Wi ■ W2 • W3 ■ VF4 • W5 ■ Wq such that 



Wieuv, W2eUi, VF3GC/+, W^eU, 



'f 



7 



w. € u: 



w, G u: 



^In order to obtain the quantum afhne algebra Uq{Q{^) in the framework of the quantum double construction 
[15] one has to impose the relation fc^ [0]fc~ [0] = 1, j = 1, 2, 3. 
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We may consider standard Borel subalgebras as ordered with respect to the circular ordering 
(13:22]) : 

U,{b') = U~-U^-Uy, u,{b+) = ul-u+-u+. 

Analogous statement is valid for the current Borel subalgebras: 

Up = UJ ■ U+ ■ U+ , Ue = u+ ■ u- ■ U^ . 

Let us note that the matrix elements in the universal monodromy matrix L^{u) given by 
the formulas ()3.5p - ()3.7p are normal ordered, i.e. :L~^{u): = L~^{u). Now, the problem which 
we address in this paper, namely the calculation of the action of the monodromy matrix ele- 
ments onto off-shell Bethe vectors (|2.7|) . can be reformulated as the problem of normal ordering 
the product of these elements and the element Pf {F2{vh) • • • -^2(^1) • Fi{ua) • • • Fi{ui)) G Uf 
modulo terms which annihilate the right vacuum vector |0). Using Gauss decomposition (|3.5|) - 
()3.7|) this is reduced to the commutation of the Gauss coordinates EfAu) with the element 
pf {F2{i'b) ■ • ■ F2{vi) ■ Fi{ua) • • • Fi{ui)). This way of doing normal ordering is equivalent to 
the use of the RTT commutation relation and explicit expression for the off-shell Bethe vectors 
in the form ()5.ip and is far too complicated to be useful. 

In this paper, we will employe a different and more efficient strategy: we will use the method 
of projections introduced in [12] and exploited in a series of papers (see [8] and references therein) 
to relate the off-shell Bethe vectors with the current realization of the quantum affine algebras. 
We refer the readers to the above mentioned papers to find a complete theory of the projections 
onto intersections of the different type Borel subalgebras. Here, we will give only some short 
definition of the projection. In order to do this, we need to equip the algebra Uq{Qi^) together 
with its decomposition into current Borel subalgebras by the current Hopf structure 

A(^) (E^iz)) = E,{z) ^ 1 + kr{z) (fcr^i(z))"' Ei{z) , 
A(^) {Fdz)) = 1 ^ F,{z) + F,{z) ® k+iz) {kt+,{z)y' , (3.23) 

A^-^^kt{z))=kt{z)0kt{z). 

According to the general theory |11] we introduce the projection operators 

Pf : Up C U,Q,) ^ C/±, P± : Ue C U,Q,) ^ Uf . 

They are respectively defined by the prescriptions 

P+(/_/+) = 6(/_)/+, P7(/_ /+) = /_£(/+), yf-GUp, yf+GU+, (3.24) 

P+{e+ e_) = e+ e(e_), p-(e_ e+) = e(e+) e_, Ve_ G U^, Ve+ G C/+ , (3.25) 

where the counit map e : Uq{Ql^) — )> C is defined on current generators as follows 

£{l)=£(^kf{u)^=l, e {Ei{u)) = e {F,{u)) = . (3.26) 

Denote by Up and Ue the extensions of the algebras Up and Ue formed by infinite sums 
of monomials which are ordered products aji[ni] ■ ■ ■ aif.[nk] with rei < ■ ■ ■ < n^, where Ojjj^z] is 
either F^[ni] or kf[ni] and E^[ni] or k^[ni], respectively. It can be checked that 
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(1) the action of the projections (|3.24p can be extended to the algebra Up] 

(2) for any / G Z7f with A(^)(/) = Y.ifi® f'i we have 

/ = E^/"(/')-^/(/^); (3-27) 

i 

(3) the action of the projections (|3.25p can be extended to the algebra U e'-, 

(4) for any e € U e with A('^)(e) = ^^ e[ ® e'l we have 

e = Y,Pt{^i)-Peiel). (3.28) 

i 

The formulas ()3.27p and ()3.28p are the main technical tools to calculate projections of 
currents in the formulas (|2.7p and (j2.8p . These formulas allow to present a product of currents 
in a normal ordered form using projections and the rather simple current Hopf structure ()3.23p . 

Ding-Prenkel isomorphism between L-operator and current realization of the quantum affine 
algebra Uq{Q[]^) [15] identifies Gauss coordinates and full currents through formulas (|3.8p and 
(|3.18p . But there are also higher Gauss coordinates Fj(?x) and E-(u) for j > i + 1 and 
their relation to the currents was not established in [TB]. It is clear that Gauss coordinates 
Fj^;^j(n) = P, {Fi{u)) and E^^_,_j^ = P^ {Ei{u)) are defined by the corresponding projections 
of the full currents. In [5], special elements from the completed algebras U f and Ue were 
introduced such that their projections yield the corresponding higher Gauss coordinates. These 
elements were called 'composed' currents. In the case of quantum affine algebra Uq{Q{-^)^ there 
are only two composed currents 



such that 



i^3,i(n) = (g - q-^)Fi{u)F2{u) , Ei;siu) = (q - q-^)E2{u)Ei{u) (3.29) 

Pf (F3,i(n)) = [q- g-i)F+ (n) P+ [E,,z{u)) = {q - <?-^)E+3(n) . (3.30) 



4 Proofs 

In what follows we will identify the monodromy matrix T{u) with L-operator L~^{u) E Uq{b~^) 
from the positive Borel subalgebra of the quantum affine algebra Uq{gl^). 

4.1 The case ^w = 1 

As we have already mentioned our first goal is the proof of the action formulas ()2.9p - ()2.17p for 
the single action of monodromy matrix elements onto off-shell Bethe vectors. In this subsection, 
we perform this calculation using only commutation relations of Uq{gl^) current generators. 
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4.1.1 Necessary commutation relations 

Since the essential part of the off-shell Bethe vectors is concentrated in projection of full current 
products, we may consider first the action of monodromy elements onto projection of a special 
product of the full currents. 

According to the properties of the projections ()3.27p we can present the projection Pf{T2{v) 
Fi{u)) in the form 

P; {F2{v)Fr{u)) = F2{v)F,{u) - J] PJ {F") ■ Pf {F') , (4.1) 

where the elements F' and F" are defined by the coproduct (|3.23p 

A(^) {F2{v)Fi{u)) = Y^F'(^F", 

and in the r.h.s. of ()4.ip the number of currents entering the elements F' is less than the 
total number of currents in the original product F2{v)Fi{u). Then we may continue replacing 
P^ {F') by the r.h.s. of ([33]) up to the trivial identity Pf {Fi{w)) = Fi{w) - PJ {Fi{w)) to 
obtain the presentation of P^ {F2{v)Fi{u)) as a linear combination of terms which are ordered 
products of negative projections of the currents and the full currents. The idea of calculation of 
the action of the monodromy elements is to act on this sum first and then apply the projection 
Pf to the result. It will be shown below that a lot of terms in this sum disappear. Then, it is 
easy to control the surviving terms. 

Let / be the right ideal of Ug{Qi^) generated by all elements of the form Fi[n] • Uq{Qi^) for 
i = 1,2 and n < 0. We will denote equalities modulo elements in the ideal / by the symbol 
'~/'. Note that this ideal is annihilated by the projection Pf. 

A useful presentation of the off-shell Bethe vector was proved in the paper [21] using the 
notion of g-deformed symmetrization (see Corollary 3.6 in this paper). We rewrite this presen- 
tation replacing deformed symmetrization by usual symmetrization (with multiplication by a 
scalar factor). We havcEl [SH [23] 



P+{F2{v)Fiiu)) = F2{v) ■ Fi{u) - Y, PJ [Fz,2{vi)] ' ^^{vi) ■ Fv 



u 



f(^>i,';^i) 



~X]^f [-^2,1 (u»)] • F2{v) ■ Fi{ui) i{v,Ui) " ^' (^2) 

where the elements W are such that Pf {Tij{w) ■ W) = 0. Recall that Vi and Uj are the sets 
V \ {vi} and u \ {uj}. This fact will be checked further using an equivalence 

Tij{w) ■ PJ [Fk,i{u)] -/ 5i,k (q - q~^f~^~h{w,u)u Tij{w) , (4.3) 



''The reasons for existence of the presentation (|4.2p were explained in the paper [23], where the whole infinite 
set of the hierarchical relations between Uq{glf^) off-shell Bethe vectors was described in terms of the generating 
series. 
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also proved in |21j . Here and in ()4.2p the notation Ffcj(n), 1 < / < /c < 3 is used to denote the 
simple and 'composed' currents (see ()3.29p and discussion on the 'analytical' properties of the 
composed currents in [3 121] ) : 

i^2,i(n) = Fi{u), Fs,2{u) = F2{u), F3,i(m) = {q- q-^)Fi{u)F2{u) . 

The equivalence ()4.3p allows to prove easily that Pf {Tij (w) ■ W) = since the elements of 
W can be presented in general as Yl^J {^ci,k) ' PJ iFc2,i) ' W with ci > k and C2 > /. For 
example, for k = I = 1 and according to ()4.3p the action Tij ■ P7 (-Fci,i) • P7 {Fc2,i) ' W is 
proportional to (5j^ci'^i,c2 = since C2 > 1. This means that the action of the elements of the 
monodromy elements onto universal off-shell Bethe vector is defined only by the four terms 
presented in (j4.2p . Then, the calculation of this action will be reduced to the commutation of 
Gauss coordinates entering the monodromy elements ()3.4p and the full currents, that is relatively 
simple. 

The calculation of the action of the monodromy elements onto Bethe vector Pf [T2{v)J-i{u)) 
is decomposed in several steps. First we use formula ()4.3p to get rid of the negative projection 
of the currents and obtain products of the monodromy elements and the full currents. Then we 
use the explicit expressions of the monodromy matrix elements ()3.5p - ()3.7p through the Gauss 
coordinates to calculate the commutation of the Gauss coordinates Efjw), kf{w) and the full 
currents, calculating this commutation modulo certain ideals J and K which will be described 
below. In the next step, we apply the projection Pf to the result of this calculation to restore 
the structure of the off-shell Bethe vectors, using formula ()2.7p . Finally, we rewrite the resulting 
sum of Bethe vectors as a sum over partitions. 

To proceed further, we need to know the commutation relations between Gauss coordinates 
^fAw) and the full currents Fi{u). To identify Pf {T2{v)J-i{u)) with off-shell Bethe vector we 
have to act with this element on the right weight singular vector |0). Thus, we can perform 
the calculations modulo the right ideal J composed from elements Uq{Q[^) ■ Ei[n] for i = 1,2 
and n > 0. Moreover, the commutation relations of E^(n) with the full currents Fi{u) produce 
terms containing the negative Cartan currents k~{u) which can be neglected since they vanish 
after application of the projection Pf . We denote the ideal formed by such elements by K and 
equalities modulo elements of the ideals J and K will denote by '~j' and '~_ft:' respectively. 

Let us remind that by definition Gauss coordinates E^2(^) ^'^d E^(t(;) coincide with the 
projection of the simple root currents Ei{w) and E2{w) (see p.lSp ) 

^t.+,{w) = P+{E,{w)) = Y,EM^-''=i'^^,-^^, i = l,2, (4.4) 



n>0 



W \ — t/w ' 



where symbol § dtg{t) means the term g^i of the formal series g{t) = X^^g^^n^ " and the 
rational function -^_w^ is understood as a series X^„>o(^/^)"- 

The Gauss coordinate E^('u;) can expressed through the current generators using the relation 
between Gauss coordinates 

(g - g-^)E+3(u;) = E+ [0]E+3(^) - gE+3(t/;)E+ [0] , (4.5) 



14 



which fohows from the RTT relation ()3.3p and ()4.4p 

E^3(^) = ^-^ / ^T^^ (i^i[0]ii^2(t) - qE2{t)EM) ■ (4.6) 

Then from p.l7p we observe 

[E+i+i(^),i^,(«)] ^K 5^,g{w,u)u ^+(n), [i?aO],F,(n)] -^ 6^,{q - g-^)V+(n), 
V'+(u) = /c+(«)A+,H, i = l,2. 

Using also one more relation 

Si[0]^2+(u;) - q^+{w)EM = {q- q-^) il,+ {w)^Uw) , 

which follows from ()3.1ip and ()3.12p , we may conclude that the action of the Gauss coordinates 
E^(ti) onto product of the full currents F2{v)Ti{u) is given by the equalities 



l<i<b 
l<j<a 

X g[w,Vi)Vi g{Vi,Uj)Uj f{Vi,Uj) - — ^3-^ 77 ^^ , (4.8) 

f(nj,M<j) i[Vi,v<i) 
E+ (u;) • J'2{v)Ti{u) ~i,,j V J-2(t;)J-i(n,-)V'^K)g(u;,tx,)«, [|!f£2lM , (4.9) 

E+H • T2{v)Ti{u) ~i^,j X^ J-2(t)0.Fi(72)^+K)g(i(;,t;^)^;i Kvi.n) ^j^^<^ . (4.10) 

Now that we have established the action of Gauss coordinates on products of the full current, 
we can compute the action of the monodromy operators on Bethe vectors. 

4.1.2 Calculation of the action 

• The action of Ti3(t«) 

Let us specialize the vector M°'~^^'^~^^{w,u\v,w') given by the expression (j2.7p at the coin- 
ciding points w' = w. We have 

— P+ (F2(t;6) • • • F2{vi)F2{w') ■ Fi{w)Fi{ua) ■ ■ ■ Fi(ni)) |0) . 



qw' — q ^w 



Using the commutation relations ()3.14p 

{w' - w)F2{w')Fi{w) = Fi{w)F2{w'){qw' - q~^w) , 
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the r.h.s. of ()4.1ip can be written as 

X Pj (Fiivtj ■ ■ ■ F2{vi)Fi(w) ■ F2(«))Fi(ti„) ■ ■ ■ Fi(i,i)) |0) . 

On the other hand, the action of the elements Ti3{w) according to the property (j4.3|) is 
given only by the first term in the r.h.s. of (|4.2p . namely by the product of the full currents 
J^2{v)-Ti (-u), and using explicit form of the matrix element Ti^{w) = Fjj'j^(w)/c^(w) we can write 

TMw)M''^\u;v) = §^ r,{v)P+ {Fl{w)kt{w)F2{v,) ■ ■ ■ F^iv^) ■ F,{ua) ■ ■ ■ F,{u,)) |0) . 

l[V,U) 

(4.13) 

Taking into account the relation between Gauss coordinate Fjj]^(u;) and the projection of the 
composed current Fi^i{w) = {q — q~^)Fi{w)F2{w) [8] 

P+ (F3,iH) = iq- q-')Ft,iw) or F+ H = P+ (F1MF2M) , 

property of the projection operator 

P+ (P+ (A) . b) = P+ (A-B), (4.14) 

and the commutation relation 

Fi{w)F2{w)k3{w) ■ F2{v) = F2{v) ■ Fi{w)F2{w)k^{w) , 

we conclude that the r.h.s. of (|4.13p is equal to the r.h.s. of (|4.12p up to multiplication by 
A2('U^) and hence the relation (|2.9p for n = 1 is proved. D 

• The action of Ti2{w) 

Again due to ()4.3p the action of the monodromy matrix element Ti2{w) onto Bethe vector 
(|2.7p is defined by the product of the full currents J~2{v) ■ J-i{u). Taking into account that 

Ti2{w) = F+,{w)k+{w) + F+,{w)k+{w)E+,{w) = F+,{w)k+{w) + Tis{w)E+{w) , 

using ()4.10p and commutation relations of the Cartan currents kj^iw) with the full currents 
given by ()3.15p and ()3.16p we obtain 



Ti2{w)M''^\u,v) = \2{w) ^{v,w)M''+'^\w,{u;v]) 

b 

i=l 



(4.15) 
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In (|4.15p we replace the function g{w,Vi)vi by the function K^' {w\vi) using (|2.6p . (jA.ip . In 
the first term of the r.h.s. of (J4.15P we used again property of the projection (|4.14p and the 
commutation relation 

Fi{w)k+{w) ■ F2{v) = F2{v) ■ Fi{w)k+{w) . 

Using already calculated action of the matrix element Tn (w) onto off-shell Bethe vector we may 
rewrite (|4.15p in the form 

Ti2{w)M'''''{u,v) = A2H f{v,w)M''+^'''{{w,u};v) 



which can be rewritten in the form (j2.10p as a sum over partitions of the set ^ = {w, v} 
{6,61}, for #^i = 1 since 



= 1. (4.17) 



The action (j2.10p for n = 1 is proved. D 

• The action of T23{w) 

According to ()4.3p the action of the monodromy matrix element T2s{w) = FjJ2(w)^3'(w) will 
be defined by the first and third terms of the r.h.s. of (j4.2p which produces two terms in the 
action 

-Ti3{w)^g{w,Uj)uj f{uj,Uj) M^~^'\uj-v), ^^'^^^ 

or 

T23{w)M''^\u,v) = A2M ^{w,u)M''^^+\u-{v,w}) 

which due to (j4.17p can be rewritten as the sum over partition of the set 77 = {w, u} =^ {%, %}, 
for ^f/i = 1. The action (|2.1ip for n = 1 is proved. D 

• The action of r22(ty) 

The action of the matrix element 

T22H = k+{w) + F+^{w)k+{w)E+^{w) 
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onto off-shell Bethe vector ()2.7p is defined according to ()4.3p by the first and third terms in 
()4.2p and using (|4.10p we obtain 

b 

+ X2{w)f{w,u)^g{w,Vi)vif{vi,Vi)M'''''{u;{vi,w}) 

4=1 (4.20) 

a 

+ ^g{uj,w)uj f{uj,Uj) Ti2{w)M"'^^'\uj;v). 
i=i 

Using now explicit formula ()4.16p for the action of the inonodromy matrix element Ti2{w) onto 
off-shell Bethe vector we may rewrite (|4.20p in the form 

T22iwW'\u,v) = X2{w) f{w,u)f{v,w) M'''\u; v) 

b 
+ X2{w)f{w, U) Y, ^l\Mv^) Hv^,Vi)M''''{u; {Vi,w}) 



i=l 
a 



S)(„. L.,^r., „-. ^^^aM,r-. . . „-. (4.21) 



+ X2{w)f{v,w)^KP {uj\w) f{uj,Uj) M'''\{uj,w}y 

+ X2{w) Y, Kf^(%k) ^i\w\vi) f{vi,Vi) f{uj,Uj) M^'\{uj,w};{vi,w}) , 

l<i<b 
l<j<a 

which can be presented as sum over partitions (j2.12p of the sets 

rj = {w, u} =^ {f?i, %} and ^ = {w, v} => {^i, ^n} for #7?i = #^1 = 1. (4.22) 

The action (|2.12p for n = 1 is proved. D 

• The action of Tn (w) 

The action of the matrix element 

Tn{w) = A;+(t.) +F+ (u;)A:+(u;)E+ (u;) +F+ (u;)4(t.)E+3(u;) 
= ktiw) + Ft,{w)k+iw)Et2iw) + Ti3iw)E+{w) 

as well as the matrix elements Ti2{w) and Ti3{w) is defined due to (|4.3p by the first term in 
(|4.2p . Using formulas (|4.8p and (|4.9p we obtain 

+ X2{w)J2^^{u,)KP{w\n,) ^(^^^^Mv,w) B'^'^dn,, «.};!;) 

i=i ^^'''''^■^ (4.23) 



l<i<b ^ ' ^ 

l<j<a 



+ X2iw) ^ niu,)KP{w\v.) K^[\v,\uj) ' '\Z::T K'''\{u,,w};{v.,w}). 
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The expression ()4.23p can be written as a sum ()2.13p over partitions ()4.22p because the term 
corresponding to the partition ^n = {vi,w} and % = {w} vanishes due to presence in the 
denominator of ()2.13p the factor f(,^n, rji) and the other three type of partitions 6 = ''?i = {'w}; 
^i = {w}, rji = {uj}; ^i = {vi}, rji = {uj} yield exactly the three terms in (j4.23p due to (j4.17p . 
The action ()2.13p for n = 1 is proved. D 

• The action of T33 (w) 



According to ()4.3p this action will be defined by the first, second and forth terms in ()4.2p . 
Using these relations, definition of the universal off-shell Bethe vector (|2.7p and the fact that 
Tssiw) = k'^{w) we obtain 

T33{w)M'''\u,v) = X2{w) r3(w)f{w,v) ]B"'^(n;i;) 

tt f(^*'") (4.24) 

l<i<b ^ *' ' 

l<j<a 

The expression ()4.24p can be written as sum (j2.14p over partitions ()4.22p because the term 
corresponding to the partition % = {ujjw} and ^i = {w} vanishes due to presence in the 
denominator of (|2.14p the factor f(^i,%) and the other three type of partitions ^ = r/j = {w}; 
6 = {''^j}) Vi = {^}; ■?! = {^i}) Vi = {uj} yield exactly the three terms in (|4.24p due to (j4.17p . 
The action ()2.14p for n = 1 is proved. D 

Before continuing with the action of the lower-triangular monodromy matrix entries T2i{'w), 
T22{w) and T^i^w) onto off shell Bethe vectors, let us check the formulas (j4.2ip . (j4.23p and 
()4.24p . It is easy to see that these formula lead to the Bethe equations when one requires that 
the vector M°''^{u;v) is an eigenvector of the transfer matrix. Indeed 

(Tiiiw) + T22{w) + T3z{w))M''^\u; v) = t{w- u, v)M'''\u; v) , 

where 

t{w; u, v) = Ai(w)f (-u, w) + X2{w)f{w, u)f{v, w) + X3{w)f{w, v) , 

provided the Bethe equations 

are satisfied. The coefficient of K^'{{uj,w};{vi,w}) vanishes due to the trivial identity 

K^{\w\vi)K^{\vi\uj) + kP {uj\w)K^{\w\vi) + Kf\uj\w)KP {vi\uj) = 0. (4.25) 
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We now compute the action of the lower-diagonal monodromy matrix elements onto off-shell 
Bethe vectors. Let us repeat once again the strategy of our calculation, for example, in the case 
of the action of the element 

T2i{w) = k+{w)Et,{w) + F+,{w)k+{w)Et^{w) . 

Calculation of the action in our approach means the normal ordering of the product 

T2iiw) ■ P+ {F2{vb) ■ ■ ■ F2{vi) ■ Fi{ua) ■ ■ ■ Fi{ui)) (4.26) 

in the context of circular ordering of the Cartan-Weyl or current generators of the quantum 
afRne algebra Uq{Q\^) described in subsection l3.2l and keeping after this ordering only those terms 
that belong to the subalgebra Up . According to the presentation ()4.2p and the equivalence ()4.3p 
the r.h.s. of (|4.26|) can be written as follows 

P+ f T2i{w) ■ F2{v)Fi{u) -y^giw,Uj)uj f{v,Uj)Tniw) ■ J2(t')-Fi(n,)^^^^^^ | , (4.27) 

where first we calculate the ordering under projection in (j4.27p modulo elements from the ideal J 
and then apply projection only to those terms which do not belong to this ideal. We can simply 
remove all elements from the ideal J in ()4.27p before taking the projection since by definition 
J|0) = 0. Once it is done, we multiply (|4.26p and ()4.27p by the product f5[u\v)r^{v)f~^{v,u) 
and act by both of these elements onto right vacuum vector |0) according to definition (j2.7p to 
recover the action T2i{w) onto ]B"'*(n;u). 

Due to the fact that the matrix elements Tn{w), i = 1, 2, 3 acts effectively only on the first 
term in (|4.2p we may formally write 

Tu{w) ■ P+ {F2{v) ■ Ti{u)) = P+ {Tu{w) ■ T2{v) ■ Ti{u)) (4.28) 

understanding this equality in the described above sense. It means that recovering the Bethe 
vectors in (j4.27p we may first interchange the projection Pf and the action of Tii{w), then 
restore the Bethe vector from the projection and then use already calculated action of the 
monodromy matrix element Tii{w) onto M""' {u;v) given by ()4.23p . This will slightly simplify 
the whole calculation, although we cannot do the same trick for the calculation of the rest 
matrix elements Tij{w), i ^ 1. To calculate the action of these matrix elements onto off-shell 
Bethe vectors we have to use an explicit expression in terms of the Gauss coordinates and the 
commutation relations of the Gauss coordinates with the full currents. 
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• The action of T21 (w) 

Taking these rules into account and using ()4.8p and ()4.9p we may calculate 

\ 

+ Y. Kr^(-l^.) Kr^(..|n,) r,(.,) f(^^%)fCu..u,)f(^...) ^.„,,(_^..^_^^^^^ (4.29) 

a 

+ riiH ^Kf^(uj» ^{uj,Uj)M''-^'^{uj;v). 
i=i 

Then, using (|4.23p the expression (|4.29p can be written in the form (|2.15p with a sum over 
partitions of the sets f) = {u^w} => {??i,%,?/ni} and ^ = {u,w} => {61 Cn} such that #^i = 
#% = #^i = 1. Note that in doing so, one possible partition ^i = {uj}, ^n = {vi-, u)}, fji = {w}, 
% = {uj}, fim = {uj} yields zero contribution due to the factor f~^(^nj??i)- The action ()2.15p 
for n = 1 is proved. D 

• The action of T32i'w) 

Repeating the same arguments we may present the intermediate result for the action of this 
matrix element 

T3,(^)B-^(n;.) = A,(.;) f^ K^^.;!..) r3(.;) ^ i^ ^ ^v. v.)f (n. , U) 

\ ^— ' Tl 1/1 11 \ 



b 



f{w, u) 



(0^,.LA . (^,.\ f(^^»,^i)f(^i,^')f(w,n)^^^fc_i, 



^ — ' t ( 1 J ■ 1 / 1 



i=l 



f(fi,n) 



(4.30) 



+ 2^ \<.Y{vi\w)K{'{w\vi>) r-i{vi) M''^° '{u;{vi^i,,w}) 

l<i^i'<b ^{Vi,U} 

+ T,,H Yl K«(n,»K«(.;,|n,)r3(z;.)fe^&^B-i'^-i(n,;^.) 

l<i<a nVi,U) 

l<i<b 

Using (|4.16p we may present (j4.3Up in the form (|2.16p as sum over partitions of the sets 77 = 
{u,w} =^ {j?i, J?n} and ^ = {v,w} =^ {6)61, Cm} such that #6 = #61 = #Vi = 1- The action 
(|2.16p for n = 1 is proved. D 
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• The action of T31 (w) 

The action of the matrix element T31 (w) can be calculated analogously. The intermediate 
result of this action is 



l<j<a nv,Uj) 

\l<i<b 






l<i^i'<b 









/ 



- - • - T^f j, Uj 



l<i<fe 



(4.31) 



Using ()4.23p we conclude that the final result of the action of the monodromy matrix elements 
T31 (w) can be written in the form (j2.17p as sum over partitions of the sets fj = {u, w} => 
{VuVn,'nm} and ^ = {v,w} => {6,6i,6n} such that #^i = #^n = #r/i = #% = 1. The action 
(j2.17p for n = 1 is proved. D 

4.2 The general case ^w = n 

We have proved the formulas of multiple actions (J2.9p - (j2.17p for ^w = 1. Then the general case 
^u) = n can be considered via induction over n. We assume that the equations ()2.9p - ()2.17p are 
valid for ^w = n — 1 and act successively: first by Tij[wn) and then by Tij(wn)- The induction 
for ()2.9p is trivial. The proofs of the other formulas require the use of lemma lA.ll 

Consider, for instance, the multiple action of T23{w). It is convenient to write (j2.1ip in the 
following form: 

T2siwnp'''''iu;v) = (-g)i""A2(u;„) ^ f{v„fj,)K^:Uwnq^^\fj,) ]B"'^+"-i(%;0 • 

(4.32) 
Here we have got rid of the poles of ^J_i{fji\wn) at r]i = Wj transforming it into K^_i{wnq~'^\fji) 
via (jA.6p . Thus, the action of T23{wn) produces the sum over partitions of the set {wn, u} into 
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subsets rji and %. Applying the operator T23(w;„) to ()4.32p we obtain 

T2s{wW''{u;v) = (-<?)-" A2(^) Yl f(r/i,%)Ki^li(^n'7-'k7i) 

{w„,u}^{fii,fiji} 

X Y. f(r?i,7?ii)Kf)Kg-2|f/i) B»'''+-fe;e). (4.33) 

Here we have an additional sum over partitions of the set {ifn,%} into subsets r^i and r^u. In 
fact, one can say that we have the sum over partitions of the set {«),«} into three subsets ?7i, 
fji, and T^ii with one additional constraint Wn ^ ?7i- 
Obviously 

^/- - . _ HVi,m)HVuWn) _ f(r?i,f?i)f(7?i,7?ii) 

fiVl, Wn) f{fii,Wn) 

It is easy to see that the function in the r.h.s. of (|4.34|) is a projector of the product f(?7i,?7n) 
onto partitions f/j, fji, and fja, such that Wn ^ W- 

Hvu vOHvi, Vii) _ f Hm,fi^), if wn^m, 



KVi,Wn) I 0, if u;„ G 7?i. 

Then the sum (|4.33|) takes the form 

{w,u}^{fjj,fii,fiii} 

T(r/i,Wn) 

Setting {fii,fii} = ?7o and transforming Ki {wnq~'^\fji) via (|A.6p we obtain 

T2s{w)M''\u;v) = i-q)'~-X,{w) Yl Ir^ lB"'^+"fe;0 

X J^ Kf)(r/i|u;„)Ki'-li(w)„g-2|f?:)f(r/:,r/i). (4.37) 

The sum over partitions % => {?yi, ^i} in the last line of ()4.37p can be computed via (|A.9p . what 
gives us 

T2s{w)M^''{u;v) = X2{w) ^ m,Vn)Hwnq^',Vo) k(0(^^|^) n^Mn^fj-,; . (4.38) 

{■w,u}^{r]o,r]ii} 

It remains to use f(iD„(7~^,f/o) = f~^(?7o)''^n)5 and we arrive at (j2.1ip with ^w = n. D 

All other formulas of multiple actions are proved in exactly the same manner. Succes- 
sive action of Tij{wn) and Tij{wn) gives a sum over partitions with constraints. Introducing 
appropriate projectors as in (|4.35p we get rid of these constraints. Then certain sums over par- 
titions can be computed via lemma lA.li The details of these calculations, however, are rather 
cumbersome, therefore we do not give them here. 
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5 Conclusion 

The explicit formulas for the monodromy matrix elements acting onto off-shell nested Bethe 
vectors hopefully will help to calculate form factors of local operators, in the framework of the 
approach developed in [2l]. As in the case of rational S'[/(3)-symmetric quantum integrable 
models [25], it will also lead to formula for the scalar products of the off-shell nested Bethe 
vectors in quantum integrable models with GL{3) trigonometric i?-matrix. Indeed, the off-shell 
Bethe vectors given by formulas (|2.7|) and (j2.8|) can be rewritten through the matrix elements 
of the monodromjo (see also O [9] ) : 



^^ A2(lin)A2(f) f(w,1i) 



b,_ _x >r^ K^ {Vj\Uj) f(Un,Ui)f(Ui,nn) f-\\n\ rr: t\ 

{u;v) = } ;_ Ti3(i;i)T23(Un)Ti2('Un)|0), (5.1) 



C ' {u;v) => .._.. ._. TT^^s T2i(nn r32(un Tai t;i , 5.2 

^^ A2(nn)A2(w) T(u,n) 

where the sum goes over all partitions of the sets u => {ui,Uji} and v => {vi,Vti} such that 
^Ui = ij^Vi = k, k = 0, . . . ,min(a, 6). The proof of formulas (j5.ip and (j5.2p will be given 
elsewhere. In principle, one can use these formulas to prove the relations ()2.9p - ()2.17|) using 
multiple exchange relations and the properties of the Izergin determinant as it was done in 
|26j for the GL(3)-invariant integrable models associated with rational i?-matrix. However, we 
showed in this paper that the use of current presentation provides a simpler way to perform the 
calculation. 

Combining the explicit presentations ()5.ip and ()5.2p with the multiple actions calculated 
in the present paper, we can hope to tackle the problem of computing form factors and scalar 
products. This strategy was applied successfully to the case of GL(3)-invariant integrable 
models associated with rational i?-matrix, giving some hope for the trigonometric case. 
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A Properties of Izergin determinant 

The following properties of Izergin determinant easily follows from the definition (j2.5p . 
Initial condition: 

Ki(x|y)=g(x,y). (A.l) 



^Observe that up to replacement K^ ''^ -^ Kk these formulas have the same structure as the formulas for Bethe 
vectors in rational GI/(3)-invariant models. 
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Rescaling of the arguments: 
Reduction: 



Kn{ax\ay) = a-"K„(x|yg2) . (a.2) 



K„(x,zg \y,z) = — Kn{x\y), 

\in{x,z\y,zq^) = K„(x|y) 

qz 



(A.3) 



Inverse order of arguments: 



\^n{xq-^\y) = {-qTr\y,x)Kr,{y\x). 
\^n{x\yq^) = {-qr''r\y,x)Kn{y\x) 



(A.4) 



Residues in the poles at Xj = y^: 

Kn(S|y)U„->y„ = g{Xn,yn)^{yn,yn)^{Xn,Xn)y^n-l{Xn\yn) + reg , (A. 5) 

where reg means regular part. 

Using these properties of K„ one can easily derive similar properties for its modifications 
K' '''^ in particular, 

KM(xg-2|y) = {-qYr\y,x)K^:;^{y\x). 
K«(rE|yg2) = (_g)-nf-i(y,^)KM(^|^). 

One more important property of K„(x|y) is a summation formula. 

Lemma A.l. (Main Lemma) Let 7, a and (3 he sets of complex variables with ^a = mi, 
#/3 = 7712, and ^^7 = mi + m2. Then 

J^K„,(7:|a)K^,(;S|7n)f(7n,7i) = (-g)^'"^f(7,«)K„,+„,({ag-^;S}|7)■ (A.7) 

The sum, is taken with respect to all partitions of the set 7 ^ {71, 7n} with ^71 = mi and 
^7n = r?i2 • Due to ()A.6p the equation (jA.Tp can he also written in the form 

j;K„,(7i|a)K„,(^|7n)f(7n,7i) = (-g)™^f(;S,7)K™,+,„,(7|{« J?'})- (A.8) 

An analog of this lemma was proved in [23] (see appendix A of this work). The proof of 
(|A.7|) coincides with the one given in |24j . 

The equations ()A.7p . (jA.Sp yield similar identities involving K'-''^^ for instance, 

^K« (7:|a)KM(^|7n)f(7n,7i) = (-g)™n(/3,7)K2 +^,(7|{« Jg'}) • (A.9) 
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